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In this note, we show that Miao and Zheng’s characterization of compact operators on the
Bergman space of the unit disk that are ﬁnite sums of ﬁnite products of Toeplitz operators
(with each one of the symbols belonging to BT) also holds for the Segal–Bargmann space
of Cn .
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1. Introduction
The Segal–Bargmann Hilbert space H2(Cn,dμ) of Gaussian square-integrable entire functions on complex n-space [2]
has the Bergman “reproducing kernel” property that
f (z) =
∫
Cn
K (z,w) f (w)dμ(w) = 〈 f (·), K (·, z)〉
for all f ∈ H2(Cn,dμ) and z ∈ Cn where z · w = z1 w¯1 + · · · + zn w¯n , |z|2 = z · z, K (z,w) = e z·w2 is the Bergman kernel
function, and
dμ(w) = (2π)−ne− |w|
2
2 dv(w)
(dv is Lebesgue volume measure). It is easy to check that kw(z) = K (z,w){K (w,w)}− 12 is a unit vector in the Hilbert space
structure that H2(Cn,dμ) inherits as a subspace of L2(Cn,dμ). We sometimes denote K (z,w) by Kw(z).
We also consider the analogous Bergman spaces of square-integrable analytic functions L2a(Ω,dv) for Ω a bounded
domain in Cn and the Gaussian dμ replaced by dv . Their kernel functions will also be denoted by K (z,w) as in [10],
pp. 39–54. Note that K (z,w) is always analytic in z and conjugate-analytic in w with
K (z,w) = K (w, z)
and that K (z, z) is positive. The “bounded symmetric domains” Ω give interesting special cases which are “closest” to the
model H2(Cn,dμ) [3].
Let P denote the integral operator on L2(Cn,dμ) given by
(P g)(z) =
∫
Cn
g(w)K (z,w)dμ(w).
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The Berezin transform f˜ [4] of a suitably “nice” function f is the function deﬁned on Cn by
f˜ (z) =
∫
Cn
f (w)
∣∣kz(w)∣∣2 dμ(w)
so that formally we have f˜ (z) = 〈 f kz,kz〉. Moreover, for any bounded operator S on H2(Cn,dμ), we deﬁne the Berezin
transform S˜ by
S˜(z) = 〈Skz,kz〉.
Let BT denote the space of all measurable functions f where ˜| f | ∈ L∞ and give BT its canonical norm, which makes BT a
Banach space. Note that the inclusion L∞ ⊂ BT clearly holds. Also, we can deﬁne f˜ and BT similarly for the Bergman spaces
L2a(Ω,dv).
For f ∈ BT and M f the operator of “multiplication by f ,” we deﬁne the Toeplitz operator T f to be the integral operator
T f = PM f on H2(Cn,dμ), which is known to be bounded from H2(Cn,dμ) into H2(Cn,dμ) [9]. Moreover, it not diﬃcult
to check that T˜ f = f˜ for f ∈ BT. We refer the reader to [7] for weaker conditions on f that ensures that T f : H2(Cn,dμ) →
H2(Cn,dμ) is densely deﬁned and that T˜ f = f˜ .
A natural question about bounded operators S on L2a(Ω,dv) or H
2(Cn,dμ) is whether the compactness of S can be
characterized by S˜(z) vanishing as z approaches the boundary ∂Ω (or at inﬁnity, respectively, when dealing with bounded
operators on H2(Cn,dμ)). It is not diﬃcult to see that S˜(z) vanishes as z → ∂Ω if S is a compact operator on L2a(Ω,dv)
(or again as z → ∞ if S is a bounded operator on H2(Cn,dμ)), but the converse is not always true, and we refer the reader
to [1] for a simple example of this for case Ω = D.
In [8], it was proved for bounded f that T f is compact on H2(Cn,dμ) if and only if f˜ vanishes at inﬁnity. On L2a(D,dv),
however, it was shown in [11] that any operator S that is a linear combination of operators of the form T f1 · · · T fk where
each f j ∈ BT is compact if and only of S˜(z) vanishes as z → ∂D. Note that this was shown earlier in [1] for the case where
each f j is bounded. Moreover, the case where S = T f on L2a(D,dv) and f ∈ BT was handled earlier in [12] and the case
where S = T f on H2(Cn,dμ) with f ∈ BT was handled in [7]. With these facts in mind, we show that the result in [11]
also holds on the Segal–Bargmann space.
In the next section, we employ some machinery from [6] and prove our main result. In the third section, we show how
one can easily extend this result to hold on the weighted Segal–Bargmann space H2(Cn,dμt) for any t > 0. Finally, in the
fourth section, we use an example from [5] to show that our main result is in general false without some kind of restriction
on the symbols of the Toeplitz operators in question.
2. Main result
As stated in the introduction, our main result is the following:
Theorem 1. Any operator S on H2(Cn,dμ) that is a linear combination of operators of the form T f1 · · · T fk where each f j ∈ BT is
compact if and only of S˜ vanishes at inﬁnity.
Now, for w, z ∈ Cn , let τz(w) = z + w , and deﬁne the Weyl operators Wz on H2(Cn,dμ) by
Wz f (u) = kz(u) f ◦ τ−z(u).
The following important properties are well known and can easily checked:
i) W ∗z = W−1z = W−z ,
ii) [P ,Wz] = PWz − WzP = 0.
Note that ii) implies that H2(Cn,dμ) is invariant under each Wz , which combined with i) tells us that each Wz is a unitary
operator on H2(Cn,dμ).
For any bounded operator A on H2(Cn,dμ) and any z ∈ Cn , let Az = W−z AWz . We will also need to introduce the
scale of Banach spaces from [6]. For each 0 < c < 14 , let Dc denote the space of all measurable f such that the function
exp(−c| · |2) f (·) is bounded, and equip Dc with the Banach space norm
‖ f ‖Dc = sup
z∈Cn
exp
(−c|z|2)∣∣ f (z)∣∣.
Furthermore, let Hc = H2(Cn,dμ) ∩Dc where Hc is given the norm ‖ · ‖Dc .
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c j = 18(1− 2c j−1) .
It is easy to see that {c j} is increasing and that lim j→∞ c j = 14 . Therefore, we have an increasing scale of Banach spaces
given by
L∞ = D0 ⊂ D1 ⊂ · · · ⊂ D j−1 ⊂ D j ⊂ D j+1 ⊂ · · · ⊂ L2
(
Cn,dμ
)
.
Finally, let F0,0 denote the space of bounded operators on H2(Cn,dμ) where for each n1 ∈ N0 and z ∈ Cn , there exists an
n2 ∈ N0 independent of z such that Az :Hcn1 →Hcn2 boundedly with operator norm independent of z.
To prove Theorem 1, we will use the following result, whose proof is identical to the proof of Theorem 3.11 in [6]:
Theorem 2. A ∈F0,0 is compact on H2(Cn,dμ) if and only if A˜ vanishes at inﬁnity.
Thus, to prove Theorem 1, we only need to show that T f1 · · · T fk ∈ F0,0 when each f j ∈ BT. However, since F0,0 is a∗-algebra ([6], Proposition 3.5), it will be enough to show that T f ∈F0,0 when f ∈ BT.
For that matter, if S = T f , then one can easily check that Sz = T f ◦τ−z . Moreover, since f ∈ BT and ‖ f ‖BT = ‖ f ◦ τ−z‖BT
for each z ∈ Cn , Lemma 2 and Theorem 3 of [9] gives us a K > 0 such that∫
Cn
∣∣e u·w2 ∣∣∣∣h(w)∣∣∣∣ f ◦ τ−z(w)∣∣dμ(w) K ∫
Cn
∣∣e u·w2 ∣∣∣∣h(w)∣∣dμ(w)
holds for all h ∈ H2(Cn,dμ) and u, z ∈ Cn , where K is independent of u, z, and h. Thus, if h ∈Hc j for some j ∈ N0, then
∣∣Szh(u)∣∣ ∫
Cn
∣∣e u·w2 ∣∣∣∣h(w)∣∣∣∣ f ◦ τ−z(w)∣∣dμ(w)
 K
∫
Cn
∣∣e u·w2 ∣∣∣∣h(w)∣∣dμ(w)
 K‖h‖Dc j
∫
Cn
∣∣e u·w2 ∣∣e(c j− 12 )|w|2 dv(w)
= K‖h‖Dc j e
1
8(1−2c j ) |u|
2
.
Since c j+1 = 18(1−2c j) , we have that S ∈F0,0, which completes the proof of Theorem 1.
3. Main result for the weighted Segal–Bargmann space
For any t > 0, consider the Gaussian measure dμt(u) = (4πt)−n exp{−|u|2/4t}dv(u), and let H2(Cn,dμt) be the Hilbert
space of all entire functions that are square-integrable with respect to dμt . Note that dμ1/2 = dμ where dμ is the Gaussian
measure considered in the previous section.
It is easy to check that the reproducing kernel functions for H2(Cn,dμt) are given by
K (t)(z,w) = exp
{
1
4t
z · w
}
and that the normalized reproducing kernel functions are given by
k(t)w (z) = exp
{
1
4t
z · w − 1
8t
|w|2
}
.
If we let 〈·,·〉t denote the inner product on H2(Cn,dμt), then we can deﬁne the Berezin transform S˜(t) of a bounded
operator S on H2(Cn,dμt), the Berezin transform f˜ (t) of a suitably “nice” function f , and the Banach space BT(t) as we
did in the previous section. It can be shown [9], Theorem 3, that BT(t) as a vector space is independent of t , and that the
Banach space norms on BT(t) are all equivalent for various t > 0. In particular, f ∈ BT(t) for any t > 0 if and only if for each
r > 0, we have that | f |B(z,r) is a bounded function of z. Here, B(z, r) is a Euclidean ball of radius r centered at z ∈ Cn , and
| f |B(z,r) denotes the average of | f | on B(z, r). Also, note that
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∫
Cn
f (u)exp
{−|u − z|2/4t}dv(u)
which says that f˜ (t) corresponds to the heat transform of f at time t > 0.
If we let Pt be the integral operator
Pt f (z) =
∫
Cn
f (w)K (t)(z,w)dμt(w)
on L2(Cn,dμt), then as before, Pt is the orthogonal projection from L2(Cn,dμt) onto H2(Cn,dμt). Using Pt , we can deﬁne
the Toeplitz operator T (t)f for f ∈ BT as before by the equation T (t)f g = PtM f g . Note that again, T (t)f is known to be bounded
on H2(Cn,dμt) for f ∈ BT [9].
Deﬁne the isometry Ut from H2(Cn,dμt) onto L2(Cn,dμ) by Ut f (z) = f (z
√
2t). We can now easily extend Theorem 1
to general H2(Cn,dμt) for t > 0 by using the operator Ut as follows. By direct computation, it is easy to see that T
(t)
f =
U∗t TUt f Ut , which then gives us that
T (t)f1 · · · T
(t)
fk
= (U∗t TUt f1Ut) · · · (U∗t TUt fkUt)
= U∗t TUt f1 · · · TUt fkUt
so that T (t)f1 · · · T
(t)
fk
is unitarily equivalent to TUt f1 · · · TUt fk .
Moreover, for any bounded operator S on H2(Cn,dμ), another easy computation gives us that
U˜∗t SUt
(t)
(z) = S˜(z/√2t)
so that S˜ vanishes at inﬁnity if and only if U˜∗t SUt
(t)
vanishes at inﬁnity. Finally, since it is not diﬃcult to check that Ut f ∈ BT
for any t > 0 if f ∈ BT, we can apply Theorem 1 and the above observation to S = TUt f1 · · · TUt fk to get the following:
Theorem 3. Any operator S on H2(Cn,dμt) that is a linear combination of operators of the form T
(t)
f1
· · · T (t)fk where each f j ∈ BT is
compact if and only if S˜(t) vanishes at inﬁnity.
4. Counterexamples to the main result
As noted in the introduction, [5], p. 582, provides counter-examples to the unrestricted applicability of the compactness
criterion in Theorem 1. In particular, on H2(C,dμ), we can take
f (z) = e( 15+i 25 )|z|2 .
Then T f is unitary (and thus non-compact) while
f˜ (z) =
(
3
5
+ i 4
5
)
e(−
1
5+i 25 )|z|2 .
By direct calculations, f is not in BT.
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